A point P(x, y) on a curve y = fix) is said to tend to infinity if either or both the coordinates
of P(x, ¥) tend to + . In such a case it is said that the point P lies on an infinite branch of

the curve [see Fig. 11.1].
2 2
B Illustration-1 : Consider the equation of an ellipse : -:—2 +Z—2

within a finite region in xy-plane. Thus it does not have an infinite branch. But if we

x2 2

consider the equation of a hyperbola ?_Z_Z = 1, we know that it has two different

branches, each of which is an infinite branch.

= 1. This curve lies wholly

If there exists a straight line at a finite distance from the origin such that th :
ular distance of any point P on a given curve to the line tends to zero, as Pt : Perpendlc-
along the curve, then the straight line is called an asymptote t, o ’ enfls to infinity
a rectilinear asymptote (Refer Fig. 11.1). € curve. It is also called
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M Illustration-2 : For the hyperbola %—%ﬁ— = 1, the
a

straight lines y = L x are two asymptotes as seen

a

in Fig. 11.2.

® Remark : It may be said that if a straight line cuts
a curve 1n two points at an infinite distance from
the origin and still does not lie at infinity wholly
the straight line is called an asymptote to the given

curve.
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(@ “Condition for y = mux + ¢ be an Asymptote

Let y = mx+ ¢ (m, c : finite) be an equation of a straight line. Also let P(x, y)

an infinite branch of a given curve y = fix).

Let p be perpendicular distance of P (x, y) from the straight
line y = mx + ¢ (see Fig. 11.1)

y-mx-—c

\,}1+m2

For y = mx + ¢ to be an asymptote to the given curve, we
must have p — 0, as x — « (along the curve)

=Sp=

- X—00
Eroee 1+m?

Lety—rmc=c+u,sothatu—>0,as X — oo,

Thus, £_m="" _ fim (l-m]ﬂim(””] =0

x x Xx—oo | x x—=0\ x

= m[2]=m

X—oo\ X

Ay
asymptote

P(x, y)
Y =flx)

< Y=mx+e

Y, Fig.11.1

v (2)

Therefore, y = mx + ¢ will be an asymptote to a curve ¥ = flx) if conditions (1) and (2) hold.

M Illustration-3 : Consider the equation of
Y =mx + c to be an asymptote of the curv

m = lim [-’i]=1im [a+£+_d_J
x50\ X ) xSee X 52

= I (b+§] =5

X—eoo x

e, we have

Therefore, y = ax + b be an asymptote of the given curve [since m

thecurveasy:ax+b+ e (a, b, d # 0). For
X

|

=%ande = Lim (y - mx) = lim (y — ax) [since =l
=209 X—o0

=aandc=b]-




(@) _Rectangular and Oblique Asymptotes’

An asymptote may be parallel to x-axis (called a horizontal asymptote), or it may be
parallel to y-axis (called a vertical asymptote), otherwise it is called an oblique asymptote
(No parallel to either axis). If an asymptote is parallel to either axis, then it is called a
rectangular asymptote. [see Fig. 11.3 and Fig. 11.4]

#y Ay Oblique Asymptote
Horizontal ': \’(
Asymptote '
----- ::;:-;:-------E--—------ 7’ O ’f’
\ : X «— ’.' — X
: #x )"

7 ]
4 1 s
x ’ :*‘_' /\
:' Vertical ,"’ |

vy l vy
Fig. 11.3 (Rectangular Asymptote)  Fig. 11.4 (Oblique Asymptote)

® Asymptote Parallel to x-axis : The necessary and sufficient condition of the horizontal
line y = b to be an asymptote to the curve x = ¢(y) is that |@(y)| — o, asy — p

® Asymptote parallel to y-axis : The necessary and sufficient condition of

linex =a to be an asymptote to the curve y = ﬂx) 1s that | ﬂx)l 5 oo, ag x the Vertical

=3 .
m Tilustration-4 : Fory = tanx we have |y| o agy 5 4 2

SR 'ThUSx=i”

two asymptotes. Similarly, x = £ (2n + 1)% are all as}mlpi?ote ¢ o are the
. S =
.. Wi 11.5 for vertical asymptotes of y = tan x. oy = tanx(n € 7).
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f y Fig. 11.7
Fig. 11.6
\ 57/2
Vx

Fig. 11.5

B Illustration-7 : For the curvey = e*,y — 0, as x —

which is a horizontal asymptote. On the same way y = 0 is also a horizontal asymptote
of the curve y = ¢= @ = 0, as x — ) [see Fig. 11.8].

M Illustration-8 : The x-axis, i.e.

— oo, Hence y = 0 is an asymptote,

»¥ = 01is a horizontal

asymptote of the curve y = e, Here
Y e, as |x| - . [See Fig. 11.9]
AY Ay
“—y=¢ (0, 1) .
2= e_’_’. Y= e—ﬁ
0,1 / Vil
x'= —> x x = -
0 0 >
\\y 3 V\y "
vy ¢y’
Fig. 11.8

Fig. 11.9



 Asymptotes Parallel to x-a
" Algebraic curve filx, y) =0
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1. The real linear factors in the coefficeint of the highest power of x in the algebraic curve

Rx, y) = 0 when equated to zero gives us asymptotes parallel to x-axis (i.e., horizontal
asymptotes).

2. The real linear factors in the coefficient of the highest power of y in the algebraic curve

Ax, ¥) = 0 when equated to zero gives us asymptotes parallel to y-axis. (i.e., vertical
asymptotes).
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1wy

|_IJ|_lJ_5_t.|'§t.i9n_'_9- : Consider the curve x3 — 242y 4 X9° 4 % — 2y + 2 = 0. Here the coefficient
of the highest power of x(i.e., of x®) is 1, a constant. Hence the curve has no asymptote
parallel to x-axis.
Again the coefficient of the highest power of yG.e., of %) is x. Thus x = 0 is an asymptote
parallel to y-axis (here y-axis itself).

I llustration-10 : For the curve ¥3 + 2x2 = 1, there is neither a horizontal asymptote nor
avertical asymptote, as the coefficients of the highest powers of both x and y i.e., of x2
and y° are constants.

|ml-_|_5_t[g|;i_qu_1_]__ + Consider the curve x* + x%2 — 9(y2 + 9) = 0. It has no horizontal
“ymptote as the coefficient of the highest power of x (i.e., of x%) is 1, a constant.
But the coefficient of the highest power of y (i.e., of ¥2) is x2 — 9. Thus x2 _ 9 =0 or

; =13 are two vertical asymptotes.
A




m"ﬁ]ﬁes for Finding out the Oblique Asymptotes )

i the asymptotes of a curve flx, y) = 0 are neither horizontal nor vertical, then those

aptotes are said  to be oblique asymptotes [see Fig. 11.4]. Now, we describe here four
?ﬁerent methods to determine the oblique asymptotes.

oMethOd"| : Consider a general rational algebraic curve flx, y) = 0 of degree n as
fr,y) = (@gy™ + ayy" x + a2 + .+ a, el 4 ax") + (by" ! + by %x + ...
+b, Y2+ b" D+ o+ y+hx)+1, =0, ..(1

where ag, @y, ..., @y, by, by, ..., by, k,_1, k, and [, are constants. After some manipulation
(1) takes the form

Yy " Yy Yy
I"Gf’n(;] +x" g [%} + ... + X (—;] + @0 (;] =0, ««X2)
“here ¢. [%) is a polynomial in [%) of degree j.

First we check whether (2) has horizontal or vertical asymptotes. If any such exists we
l fout those using the methods stated in Art. 11.5.

S -

0 for finding out oblique asymptotes :
]‘ We Put X =

’ land y = m in x"¢, (%] [the highest degree term of (2)] and obtain ¢, (m).
t m =

iy M1, My, mg, ... m, are the n roots of the nth degree polynomial equation

oy Common Part)-20
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A e of ¢n(m) with respect to m] e (3)

We also find out @(m
14 (-}) (the second highest degree term, it

gree (n — 1).

) [derivativ

2. Weagainputx=1andy=minx” ]
(m), a polynomial in 71 of de
_ = '¢n-—l(ml)

3. For m = mq, we find out ¢ =¢€1 = 2. (mp) ’ o 4
provided ¢,(m;) # 0. With those values of m, and ¢y, the straight liney = mx + ¢, is
asymptote of (1) or of (2). In a similar manner we can calculate other asymptotes lik,
¥y =mgx + Cg, ¥y = MgX +C3, -

4. If ¢, (m) = 0, for some m, W€ will h

2
% ”(m) + c¢;,_1(m) + ¢, _olm) =0
Then y = mx + ¢ and y = mx + Cg be the two

and obtain ¢,,_

ey = m,x + Cp.
ave parallel asymptotes. We use the formula

to calculate two values of ¢, viz. ¢; and Ca.
parallel asymptotes, having same slope m.

m Illustration-12 : Consider the cubic 3 +aly + 22—y +1=0. [CH 1984
Here the coefficient of the highest power of x(viz. x2) is y. It meansy = 0 is a horizontal
asymptote. Here ¢3(m) = m3+2m?2 +m (by puttingx = 1 andy =m in the highest degree terms
y3 4+ 2xy? + x2y), ¢p5(m) = 3m% +4m + 1. ¢3(m) =0=>m =0, -1, -1.

Also ¢4(m) = 6m + 4.
¢o(m) = 0, for all m, as there is no second degree term in the

(by putting x = 1 and y = m in 1st degree term —y’).
As m = — 1 occurs twice, we will have parallel asymptotes. Those

—_—

: =1
given equation. ¢,(m) =

can be found fro?

2
% (1) + cgp(-1) + $1(-1) =0

2
— _cz_. [6-(-1) + 4)] +¢c-0-(-1)=0

e Hencey =—x 1 1 are also two asymptotes.




(tor m =2andc = 1)andy=2x+2(10rru—
O Method-3 : We recall the equation (1) of arat
Az, y) = 0.
I. Let (@a1x + by + cy) be a non-repeated factor of the n-th degree terms of fix, y) = O.
So equation (1) now may be expressed as

(@1x + by +¢))Fp1 + R,1=0, s (D)
Where F, . contains terms of degree (n — 1) and R,,_; contains terms of degree < (n — 1).

jonal algebraic curve of degree n of the form
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The asymptote of (9) is given by \
22

Ry =0, |where lim
i By by

(ayx + by + ¢y + lim "
For other non-repeated factors (if any such) of (1), we may proceed Simi]arly "
_ Let equation of the curve (1), i.e., flx, y) = 0 be expressed as '
(ax + b]y + C1)2Fn_2 + (alx + bly + cl)Rn—-2 + Tn—2 = 0;
where F,_o contains terms of degree (n — 2), Rn,jg contains terms of degree o (1
T, contains terms of degree < (n — 2). In a similar way the two para]je asym\ g
(11) (parallel to a,x + byy +¢; = 0) are given by ptot"lu;

|x]—2e0 \ X

II

. R ;
(@i x + by + c)? + (ax + by +¢p) x lim —n=2 | lim Tz =0,

|x[—eo Ky o  |x]—oee Fn—2
here lim [l)=-21-.
v [x|2ee \ X b‘l
W Illustration-15 : Let Ax, y) = (x + y)(x — 2y)(x —y? +8xy(x —y) +x2 =0 ch
Using (10), the asymptote parallel tox +y =0 is given by 2t""'I

e 31 (Y1242
RS i"f‘;‘yxi’_* ol Ltk 'i'l‘r‘g“ (1_2.%)(;)%);

L P O
==-1 P

=0

X

or,x +y— % = 0. Similarly the asymptote parallel to x — 2y = 0 is given by
2
(x-2y)+ lim 2XEIHT _gorx_2y+1=0.
lfl—>1°° (x+y)x—y)

x 2
Again using (12), two parallel asymptotes (parallel to x —y = 0) are given by
2

2 . : dxy li x =
G—g¥ + e~ [}Eﬁo Gt ) &—25)  frloee G+ 3)x—-29)
Y- =1

ey x [2)s[-1)
or,( x —y) + (x y)x( 2J+( 2) 0

or,2(x —y)?-3x-y)-1=0 or,x—y=

3+17
it

B Illustration-16 : Consider the Folium of Descartes : x° + y3 = 3axy. It may be expresse
as (x + y)x? — xy + ¥%) — 3axy = 0.
The given curve has no horizontal or vertical asymptotes, as the coefficient of
powers of x and y (viz. 3 and y%) are both constants (here 1). So the on
asymptote (parallel to x + y = 0) is given by

the highest
ly pOSSible

3axy

(x +y)— lim ———— =0 [using method 3]
x| oo x“ —xy+y
Y_
3a-1-(2 g
(I) =0 or,x+y— {~8a) =0or,x+y+a=0.

or, (x +y)— lim

2
|20 R (4
1=H11 i



| N ol RS ") unTrTny v ses vy one asymptote,

B -
| hod'4 (By Inspection only) - If the equation of the curv
0 e in the form € A%, 3) = 0 can be
| ppressed Y
Fo+F2=0, (13)
o ) is a polynomial in x and y of degree n and can be broken into di‘stinct

eal linear factors and F, 5 is a polynomial in x and y of degree < n — 9 the
j =0 gives the equations of n asymptotes (assuming no two of which are paraﬂél) n
n .

R

The difference of degrees of the polynomials F,, and F,_, is at least two.

_ . ' .

g llustration-17 : The equation of the hyperbola ;2“—;—2 = 1 may be expressed as
xoy\Nx_ Y WK
[E+3][E_3) — 1, which is of the form F; + F;, = 0. Here F, and F, are polynomials

of degree 2 and O respectively. Moreover F, is broken into two non-repeated
real linear factors. Thus Fy = 0 gives the equations of two asymptotes. They are

-5 0 and oy 0.

W lllustration-18 : Let the equation of the given curve be 23 — 6x% + 1lxy? - 63 +x +y
+1=0.1It can be written as F3+F; =0, [CH 1998, 2007; NBH 1997, 2006]
Where F:?» = 4 — 6x%y + 11xy% — 6y° = (x — Y —2y)x —3y) and F; =x +y + 1. As
ga conta\-ms distinct real linear factors and difference of degrees in Fy and F, is two,

3= 0 gives the asymptotes. Thus x — y =0, x — 2y =0 and x — 3y = 0 are the equations
of three asymptotes of the given curve.

LB i
%%Sl@lmig : For the cubic (x —y + 2)(2x — 3y + 4)(dx — 5y + 6) + Gx — 6y + ) =0,

_ " Symptotes are clearly x —y + 2 =0, 2c— 3y + 4 = 0 and 4x — 5y + 6 = 0.

@_[I_\Eersection of a Curve with its Asymptotes )

We h A
yaxig f;": Se“:ﬂ In (3) of Art. 11.6 that the slopes (m) of asymptotes (not paralle} ::
" Valueg o rational algebraic curve flx, y) = 0 of degree n are given as ¢,(m) = g It(g;vas

m . [P P i
s by yim) at most. For each value of ‘m’, we have a corresponding ¢’ given It
~ - n_l

omy $a0m) = 0.
In g,
Wryg (}: S Way we haye nnu
h n €Rree n.S
Wby, of asyn:

ational algebraic

o art, 1.6

mber of asymptotes of the form :y = mx +¢ ofar
We can conclude that a rational algebraic curve © g
Ptotes, in general. We have also observed in Method
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that the equations of the curve (of degree n) and its n asymptotes are respectively givep by

Fn+Fn_2=Oanan=O-

Their intersections are therefore given by F, o = 0. In other words, the n asymptote,
(F, = 0) intersect the curve (F, + F, 2 = 0) again at points lying upon the cury,
F__, = 0. We know each asymptote cuts its curve at two points at infinity, and hence cytg
at (n — 2) points at a finite distance. So there are altogether n(n — 2) number of points of
intersection of n asymptotes with its curve at a finite distance. These n(n — 2) points lie o

a certain curve, F,_, = 0, of degree (n — 2).

1. The asymptotes of a cubic (degree 3) will cut the curve again in 3(3 — 2), i.e., in 3 points
lying on a straight line.

2. The asymptotes of quartic curve (degree 4) will cut the curve again in 4(4 — 2), i.e., in
8 points lying on a conic section.

B Illustration-20 : The asymptotes of the cubic x(x2 — y%) + y(3y — x) = 0 may be found out
by using any method between Method-1—Method-3 stated earlier. [BH 2006; CH 2014]

The asymptotes of this cubicarex -3 =0, x +y+2=0and x —y + 1 = 0. All these
asymptotes can be written together as (x — 3)x +y + 2)x —y + 1) = 0, i.e., x(x% —y?) +
y(3y —x) —7x + 3y — 6 = 0. The equation of the given curve now can be expressed as

[x(x2—y2) +y(By —x) —Tx + 3y — 6] + (Tx — 3y + 6) = 0,
ie., F3 + F; = 0. (difference in degrees in F35 and F; is 2),

where F3 = 0 gives the equations of the asymptotes and F; = 7x — 3y + 6 = 0 is an
equation of a straight line. Thus, the number of points of intersection of the curve with
its asymptotes is 3(3 — 2), i.e., 3. These there points of intersection lie on the straight
line 7x — 3y + 6 = 0.
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T‘here aouce
ind the asymptotes of x2y? = a?(x® + y).

1 R~
?oluﬁon Here the equation of the curve is x%y2 = a%(x® + y°) »
/;:1 pe written as x2y2 _ a2 —a%?=0.

of the equation is four.

[CU 2013)]

The degr ee
go (1) has at most four asymptotes.
The highest degree term in x is 2 and the coefficient of x* is y% — a?. Therefore we get the
hm-izontal asymptotes of the curve by equating y% — a” to zero.
two horizontal asymptotes are
.. (2)

Therefore

y==%a
m in y is y* and the coefficient of y? is (@ — a?).
asymptotes and they are x =t a
we have already got four asymptotes,

.. (3)

ain the highest degree ter
so, the

Ag
2 = () gives us two vertical

Therefore, X2 —a” =
Since degree of the given curve is 4, and

given curve has no oblique asymptotes.

Thus, the required asymptotes are X = +a,y=2%a.
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——Za\ Find the rectilinear asymptotes of
9 .13 xyz-x2y+x3+x2—y2—1=0
oy - [CU 2011, 2015)
(ii)xs_gy +2xy2x -y) +yx-y)+1=0

. 2 y [CU 2014, 2016)
i) #” ~ ¥y =% ry T [CU 2008, 2011, 2014

solution (i) Clearly, the given curve
"";E;’:xy2..x2y+x3+x2——y2—1=0

has 1O horizontal or vertical asymptote.

For oblique asymptotes, we factorise the third degree terms of the equation as

Byt -2ty +2° =% - ) — 2%y — x)

= (y —x)(y2 —x%) = (y - x)y —x)y +x) =(y —x)2(y 4+ 5.

Therefore, there are three oblique asymptotes of the curve, two are parallel toy — x = 0

ond the other is parallel toy + x = 0.

The asymptotes parallel to y —x = 0 are given by

i (1)

- .2 . =1
(y -2 - (y —x) lim Y42\ Jim —= =0 or, (y —x)? — (y —x) lim —+ lim — =0
x|oee Y+ X jx|oee Y+ X |x|oee 22 |x|oe 2x
y=2x y=4

or,(y-x2-(y-x)+0=0 or,(y —x)(y—x—-1)=0
le,y—x=0andy —-x-1=0.
The asymptote parallel to y + x = 0 is given by

G +2)+(y+2) lim —*=Y_ 4 lim —~ _ =0

L’f"’” (y=2)%  |xbow (y - x)

==X y==%




a|‘_ J U we s —- - [

e e ——

Iim_gi_-q-lim—:-—lﬁ- =0 or,(y+x)+0+0=0i.e.,y+x___0‘

or, (y +2) + (7 + ) T 07 e 4

Therefo

re, the required three asymptotes arey —x =0,y —x — 1=0andy +x =

The given equation can be written as (y — )2y +x) — (y% - ) =-1=0
or, (¥ sy -2 -(y-0)-1= 0or, (y+x)y-x)y-x-1)-1=0.

This is of the form F3 + Fy = 0.
Therefore required asymptotes arey + x = 0,y-x=0andy-x-1=0.

(i)

(iii)

Equation of the curve is x° - 2% + xy(2x —y) +yx —y) +1=0

or, 25 + 902y — ay? — 2% +yx—y)+1=0. (D)
Clearly, (1) is a 3rd degree equation in x and y.

The terms involving +3 and y° are present in the equation.

So the given curve has no horizontal or vertical asymptotes.

For oblique asymptotes, we factorise the third degree terms of the equation as,

3 4 2%y —xy? - 2% = x%(x + 2y) - y2x + 2y) = (x + 2y)(x> —y2) = (x + 29)x —y)x +y)
Therefore, there are three oblique asymptotes which are parallel tox + 2y =0, x - y=0
andx +y = 0.

The asymptote parallel to x + 2y = 0 is given by

= —X(x+%)41
x| (x— y)x+y) |z]=s0 (x ¥ %)(x ¥ %)
=3
_3
0r,x+2y+_34_ =0 or,x+2y-1=0.
4
The asymptote parallel tox +y = 0, is given by x + y + lim yx-P+do
x| (x — y)x +2Y)
y=-x

or,x +y + lim —2x+0+1 _ o or x4 +:%= +1=0.
x| (2 + %)t — 2x) g Y% oy =H-GELY

The asymptote parallel to (x —y) = 0, is given by

(=) + (x - y) lim Y 4 lim - =
el ylat2y) e (x + y)(x +2y)
= y=x

or, (x —y) + (x — y) lim +1]
Y (i 22-8%  |xlaeo 22-8%

=0 or,x—y=0.

Therefore, the required three asymptotes arex + 2y —1=0,x +y + 1= 0andx-y=0-

The equation of the curve is xy? —x%y =x +y + 1. . ()

(1) can be written as xy(y —x)-x+y+1)=0. .. (2)

;iitisr:fa?; ;01‘.111 Fy + F; = 0, where Fj is a product of three non-repeated real lineal
118 of degree at most one.

So Fy = 0 gives us the three required asymptotes and they arex =0,y = 0Oandy—*= ¢




—a\ prove that a parabola has no asymptote.

ppam—

?mion Let the equation of the parabola be y? = dax, ie., y?—4dax =0. .. (1)
0

/T’hg&;gree of the equation is two.

g (1) has at most two asymptotes. Since the highest degree term in v i.e., y2 is present,
0, the parabola has no asymptotes parallel to y-axis i.e., vertical asymptotes.

Now for oblique and horizontal asymptotes, considering second and first degree terms
puttingx = 1 and y = m), we get

dy(m) = m?%, p1(m) = —4a. So, ¢’s(m) = 2m. Now ¢o(m) = 0 gives m = 0.

¢1(m)=_“_4_§¢_ o _s —4a oy
o5(m) zm.Form—O,c_ g =

So there exists no asymptote. Therefore, a parabola has no asymptote.

Sm—

Now ¢ = —



_._’) Find the asymptotes (if any) of the curve
4 4
-y +3x2y+3xy2+xy=0.
[CU 20
i

Solution Here the degree of the equation of the curve is four. So it —1

4 h
asymptotes. Here x* and y* are present in the equation. So the curve has ?:) ::, most fy,,
I'lzontal or

vertical asymptotes. For oblique asymptotes we factorise the fourth degree te
xt -yt = (% - yI? + y?) = (@ - y)x + y)x2 + y?) o
Therefore, there are two oblique asymptotes of the curve, which are parallel to
x—y=0&l’ldx+y=0.

The asymptote parallel to x —y = 0 is given by

2 3,q.,3, .2
x—¥+ lm 3x2y + 3xy +xy =0 or,x—y + lim 3x” +3x" +x -0
!;l—:w (x + )z + %) e 2x(2x%)
2
or,x —y + hmu =0or,x—-y+ = =0 or,2x—2y + 3 =0.
|x]—>e0 4x 2
The asymptote parallel to x + y = 0 is given by
x+y+3(x+y) lim xy 5—+ lim xy =0
;—:*’; (x— yXxZ +5) le-*°° (x— y)x% +y?)
2 2
- . 4 = O

or,x +y + 3(x +y) lim 2-+11m 5
|x|oee 206(2x)  |x]—o0 22(2x%)

or, x+y)+3x+y)-0+0=0o0r,x+y=0.
Thus, the required asymptotes are 2x — 2y + 3 =0and x +y = 0.



—_— . 8. o9 g S
solufion (i) Given equation of the curve is 2 + 2¢%y —xy* ~ 2% + 4% + 2y — 5y 1 g _

+« the cocfficients of x3 (the highes?z power term in x) and y° (the highest power terp i
y) are both constant, there does not exist any asymptote parallel to x-axis and y-axis,

To find the oblique asymptotes (of the form y = mx + ¢), we put x = 1 and Y =m in thirg
and second degree terms of the given equation and obtain

po(m) = 1+ 2m —m* = 2m° = (1 - m*(1 + 2m) and ¢,(m) = 4m? + 2m.

1
Now ¢pg(m)=0 =2m=1,-1, - = (the slopes of the required asymptotes)

and ¢'3 (m)=2-2m — 6m2.

Form:1,¢’3(1)=2—2—6=—6andc=—g?g))=—-6—6=1,

: _

Form=-1,¢’3(-1)=—2andc=—%((_—;—))=——zé-=1 and
4= i _
1

Form=-1 ¢'(_1J_3 (—f?.') 0

97 3 =—and c=- ] =— — =0
o %2 3
Hence the equations of the required asymptotes are
y=x+1,y=—-x+1’y=-——;—,i.e.,

x+2y=0,x+y—1-_-.Oandx—y+1=0.

(ii) Givep e '
quation of the curve is 3x3 + 22 Txy? 8
— Txy“ + 2y° — . =
sacly: g e o y + y + " — ldxy + Ty* + 4x + 5y = 0.



us the equaEIUIIS vi il s ems e s e e e e e n e e Ay U =udildy - =
'IG‘h - equatlon of the curve is 4 =0.
@ o+~ _y)? - 2x + 9)Hx — 3% = 20 + yI)x +9) + 2w - y)? + 4 - y) =
This iS @ fifth degree polynomial equation. So it has at most five asymptotes The
asy'mptOtes parallel tox +y = 0 are given by
(x—y)? % o
3_9(x +y)? lim —2(x +y) li Y . 2x-y)° +4(x—y)
x+y)°-2@+y) R el P y xfinm g J}Il_)m =) g
y y (x - y)
P 2=-1 Zac1
2
1+(l) 2( _1]2+4(1 1 y)
2 . g0 EpaT ] R ToS=e
or. (x+ 97 — 20 + y)* —2(x + y) lm 5 + lim x T,
’ Smas P |0 2
x X o -1 %
2 2x4
or,(x+y)—2(x+y) -—2(x+y)x— x_:}x_o 0

or,(x+y)3—2(x+y)2—(x+y)+2=0

or,a®-2%-a+2=0 (@=x+y)

or, -1+ 1)a-2) =

or,x+y-Dx+y+1Dx+y-2)=0

Thus the asymptotes parallel tox + y =0 are givenbyx +y+1=0,x+y-2=0.
Now asymptotes parallel to x —y = 0 are given by

(x~ )% - 2x — y)? lim -2 lim %" +y” [2( )2 + 4( )] 1 =
lxl—m x+y Ix|—>oo (x+ )2  [axe g e Ea Hx 1m (3c+y)3

TS
o, &-y?-1=0 or,x—y=+1

Therefore, all the required asymptotes are given by
h Y+y11=0,x+y-2=0,x-y=%1.
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